ON ZEROS OF CERTAIN ENTIRE FUNCTIONS 



RUIMING ZHANG 



Abstract. In this work we prove that a class of entire functions considered by 
Jensen and Polya have only real zeros. As a consequence, we may have proved 
the Riemann Hypothesis for the Riemann zeta function and the Riemann 
the character Riemann zeta function L(\,x) with real primitive characters 
satisfying certain positive conditions. 



In this work we study the zeros of certain entire functions. They are of genus 
at most one, and defined as Fourier transforms of some even nonnegative func- 
tions which are fast decreasing on the real line. Jensen and Polya investigated the 
properties of these functions in the context of the Riemann Hypothesis. Jensen had 
proved several necessary and sufficient conditions for the these entire functions hav- 
ing only real zeros (H [7] . We shall prove that these entire functions have only real 
zeros by verifying one set of Jensen's necessary and sufficient conditions directly. 
As a consequence, we may have proved the Riemann Hypotheses for the Riemann 
zeta function £(s) and for the character Riemann zeta function L(xj x ) with real 
primitive characters satisfying certain positive conditions. 

In following discussion, we try to follow the notations used in [TJ. The other 
popular references on special functions is [8]. If we don't mention where a formula 
comes from, you may find it in the above mentioned references. 



1. Introduction 



2. Preliminaries 



Recall that the Euler's T(z) is defined as 



(2.1) 




and the shifted factorial of a S C is defined as 



(2.2) 



P(a + k) 



kez. 



The Euler's T(z) satisfies 



(2.3) 



lim 



P(n + a) 
T(n + b) 



n 



b—a 



1. 
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The T(z) function also satisfies the Legendre's duplication formula 

(2.4) r(2z)r (I) = 2 2z - 1 r(z)r [» + \ 



2) w V 2 

A very useful special value for the T(z) function is 

(2.5) r = ^. 

For a, (3 > ~ 1 and n E Z+, the Jacobi orthogonal polynomials ( P^ 01 '® (x)\ are 

I J n=0 

defined as 

The ultraspherical polynomials Ic^^a;)} are special cases of the Jacobi poly- 

L J n=0 

nomials, 



(2.7) 



or 



(2.8) G ( A)(x)= (2A^^(-n) fc (n + 2A), 



Clearly, 

(2.9) ^(1) = ^, 

and 

1 ' J d A) (l) ^(n-^lfc! (A + ±) fe 1. 2 

Consequently, 

for x > 1 and A > 0. For any c > and A > 0, the ultraspherical polynomials have 
the following bound: 



6- x O{n x - 1 ) cn- 1 < 9 < § 
©(n 2 *- 1 ) < (9 < cn" 1 ' 



(2.12) C<*> (cos (0)) = 
which implies 

(2 13) c^MO)) ^ A) ( cos W) (g- A Q("- A ) <^<f 

(2.13) c„(cos W )_ ^ A)(i) o < < cn -i- 

On page 59 of [8] we find the following formula for the Jacobi polynomials, 

< 2 -»> ^^i^r^"" 1 "-^ 
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which is the same as 

(2.15) = [;f^% + n )! )2 " P "" l/2 '' )(1 " 2X ^ 

The Bessel functions J a {z) and I a {z) are defined as 

(216 > J -''> : =E na + * + i )tl (f) 

fc— o 

and 

^=g o I>+t+w , y ■ 

respectively, a special case of J v {z) is 

(2.18) cos(z) = J — J-x/2{z). 
and exercise 9 on page 235 of [Tj gives the inequality 

(2.19) l^)l<^(^, *eC. 
The Riemann zeta function ("(s) is defined as pQ[31[4l[9] 

oo 1 

(2.20) C(*):=E-' ^( S )> L 

n— 1 

The functions 
and 

(2.22) ~(z)~t(\+iz 



2 

are entire functions of order 1. They satisfy the following functional equations, 

(2.23) £(z)=£(l-z), 
and 

(2.24) 5(z) = S(-z). 
The function S(z) has an integral representation 



(2.25) E(z) = / $(*) cos(zt)dt, 

Jo 

where 

oo 

(2.26) $(t) : = 4^ X] {27rn 4 e 9t / 2 - 3n 2 e 5 */ 2 } exp (-n J T, J ' 5 

n=l 



It is well known that $(f) is positive, even and fast decreasing on R 0[9]. The 
celebrated Riemann Hypothesis for ((s) is equivalent to the statement that E(z) has 
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only real zeros. More generally, let x( n ) be a real primitive character to modulus 
to. The function L(s,x) is defined as [D H El E] 

oo , , 

(2.27) L{S:X): = J2^-, R(»)>1. 

n=l 



x(-i) = i 

1 x(-i) = -i' 



Let 

(2.28) a : 
it is known that for 

(2.29) £(s, X |a) : = (-J T (-t-j £(*, X ), 
we have 

(2.30) Z(l-s,x\a)=Z(s, X \a). 
It is also known that the entire function 

(2.31) Z(z, X \a) :=t(^ + tz,x\a 
is of order 1 and even, and it has an integral representation 

(2.32) E(z, X \a) = -J e~ lzt $(t, X \a)dt, 
where 

oo 

(2.33) *(t, X |0) : = 2e*/ 2 £ x(«)^ Ae! ' /m , 

n— — oo 

and 

oo 

(2.34) <f>(t, X |l): = 2 e 3t / 2 £ n X (n) e -" Wt /™. 

71 — — OO 

From 

oo ^ oo 

(2.35) V xWe V " /m = T E x(«)^" V(ml) , ^>0, 

n— — oo v n— — oo 

and 

oo oo 

(2.36) fi X (n)e-" 2 " /m = x^' 2 J] ^(nje-" 2 *^ 1 ', a; > 0, 

n=— oo n— — oo 

it is easy to verify that 

(2.37) *(-t,x|o) = $(t,x|a), t G R. 

The Riemann Hypothesis for L(s,x) is equivalent to the statement that E(z,x\a) 
has only real zeros. 
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3. Main Results 



The Bessel function J a (z) is the scaled large n limit of the Jacobi polynomials 



lim n 

n — 'Co 



mm, 

(3.1) 

in particular, 

(3.2) JimH^pHWlfl-^] :«,su). 



and the limits above are uniform on any compact subset of z £ C, as a matter of 
fact, [1] gives the estimate 



(3.3) 



(n + a + 13 + l) k (a + 1), 



fc!(n-fc)! 2 2fc n 2fc (a + l) fe 



< 



C 



fe!r(a + fc + l)' 



for all < k < n and n > ^t^, where C is a constant depends on a, (3 only. 



Then l|3.ip is obtained by applying the Lebesgue dominated convergence theorem. 
Furthermore, p,3j) also gives the following inequality, 



(3.4) 



■°PM 1 



2^2 



< 



fc=0 



12k 



k\T(a + k 



— =C\z\- a I a {2\z\) 



for n > ^y^-, where C is a constant depends on a, (5 only. In the following discussion, 
we restrict (3 in the open interval [3 € (— 51 i)- 



Lemma 3.1. For f3 € (—5, 5) and sufficiently large n € Z + i/iere «'s a constant D 
depends only on (3 such that 

^r i/2) (£)|<^cosh(2M), 



(3-5) 
and i/ie 
(3.6) 



lim (2n) 



1/2-/3 - 



converges uniformly on any compact subset of z e C. 
Proo/. It is a simple calculation with ([2.3)1 . I|2.4p and |2.5p . 
The following theorem is an old result of Jensen (5J [7] : 

Theorem 3.2. (Jensen) Let be a nonnegative even function such that 

(1) ^(t) is not identically zero for isR, 

(2) ^(t) is infinitely differ entiable with respect to t € K, 

(3) For each n G Z+ , 

log I *(")(£) I 



□ 



lim 

t — >oo 



(3.7) 

(4) The entire function 
(3.8) F(z) 



2 / V(t)cos{zt)dt 
'0 



is of genus at most 1. 
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Then, the validity of the all following inequalities [U [7] 



oc />oo 



(3.9) / / V{s)y{ty {s+t)x (s-t) 2n dsdt > 0, rceZ+ x e 



is necessary and sufficient for F(z) to have only real zeros. 

By Jensen's necessary and sufficient conditions for F(z) has only real zeros, we 
only need to verify the inequalities l|2.3p are true for all n € Z + and all x S K. Let 

(3.10) f n (x):= / y(s)y(ty (s+t)x (s-t) 2n dsdt> 0. 



— oo ./ — oo 



Since 

(3.11) fn(-x) = f n (x), xel, neZ+. 
Hence, 

/>oo /-oo 

(3.12) / n (i) = / / ^{s)^(ty {s+t)x {s-t) 2n dsdt 

cos ((a + t)x) (s - t) 2n dsdt 

v 2n dv )■ du 



<J — oc J — oo 

OO /"GO 



— oo J — oo 



^/:-<»»{/_>m<^)^} 



cos (ui) / * ( - J * I - ) v Zn dv \ du 



u + V \ _ T _ / u - w , 2 „ 



= 2 /o C ° S(UX) iio ^l^J^l^J" "7^ 
where we have made the simple change of variables 

(3.13) u = s + t, v = s-t, 

and used the fact ^(t) is an even function. 

Theorem 3.3. Let and F{z) be as defined as in Theorem \3.2\ and satisfy all 
the four conditions of Theorem 1 3. 2\ plus the condition that is positive almost 
everywhere on R. Then F{z) has only real zeros. 

Proof. From the Jensen's result, [331 it is enough for us to prove (J3T9J) . From (|3 . 1 2[) 
we only need to show that 

(3.14) 

cos (uas) j jf * (^Y^j * {^Y^j v 2n dv^ du>0, n e N, x > 0. 

Lemma I3TT1 and condition 2, 3 of Theorem 13.21 and an application of the Lebesgue's 
Dominated Convergence Theorem show that (|3.15p is same as for some (3 € (—515), 
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for all n € N and x > 0. Since the limit (|3. 15|) exists, then it is sufficient to show 
that for some (3 S (— i, i), there infinitely many large N £ N such that 



(3.16) 



(.0+1: 



AN 



(ux) 



u + v 



v 2n cfo !> du > 



for all fixed x > and all fixed n G N. Consider 



(3.17) g N (x) : 
then 

(3.18) <7jv(z) 



(ux) 



JP+i) ( \ 

"4JV \UX) 

-.09+4) 



= /l + I 2 . 

Formula (|2.1ip implies that 



(ux) 



It + V 



u + v 
2 

M + U 



u — V 

2 

u — V 



v 2n dv !> 



u 2 "du !> du 



(3.19) 



/2 > 



oo poo 



v 2n dvdu > 



for all x > and all n G N. Make the change of variables 



(3.20) 

in I\ to get 
(3.21) 



I\ = x 



ux = cos(9), 0<6< 



c ( ^ ] (cos(0))sin(0)d0 



x 1 cos(#) + v\ fx 1 cos(9) — v 



v 2n dv 



Clearly, by l|2.13p we have 



(3.22) 



l'i|< 



a(x) 



cffi) (cos(0))sin(0) 



<2<9 



= JV 



where 
(3.23) 

a(x) : = sup 

0<6»<tt/2 L^o 

Hence, there is a positive integer Nq, for each N > Nq we have 

/.OO /■OO 



x 1 cos(#) + ^x 1 cos(#) — w 



(3.24) 



Hx|<5 







It + V 



u — V 



v 2n dvdu, 



consequently, for each N > Nq we have 



(3.25) ffJV (x) > h - \h\ > g y x y o 



it + v 



v 2n dvdu > 0, 



and the conclusion of our Theorem 13.31 follows 



□ 
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Theorem 13.31 give the validation of the Riemann Hypothesis: 

Corollary 3.4. The Riemann Hypothesis for £(s) is true. The Riemann Hypothesis 
for L(s, x) is true for real primitive characters \ satisfying x\ a ) > 0. 

As it is remarked in [2], one could prove that $(t,x|a) > when the modulus is 
small, and the condition may be false for certain modulus. One may speculate that 
the corresponding Riemann Hypothesis are false for some of those L(s,\) which 
fails the positive condition. 
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